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Preface
to the
Second Edition

Since the publication of the first edition of this book new developments
in the theory of general relativity and in its observational and experi-
mental verification have occurred which are so fundamental that they
demand discussion even in an introductory text. Among these develop-
ments we note in particular:

1. The observational discovery of pulsars and the theoretical progress
in understanding these very dense neutron stars, and the related work in
understanding the endpoint of gravitational collapse known as the black
hole. ok

2. The new or improved observational tests of general relativity such
as the measured time delay of radar signals passing near the sun, and the
accurately measured angular deflection of radio signals from quasars in
the sun’s field.

3. The scalar-tensor variant of relativity proposed by Brans and Dicke,
which is viewed by some as a viable alternative to conventional relativity
and by others as a foil for experimental tests.

4. Observations of new phenomena important to cosmology, such as the
background electromagnetic radiation, which is interpreted as the residue
of the explosive birth of the universe, referred to as the big bang.

In writing this edition we have tried to include an adequate discussion
of the fundamentals of these developments while maintaining the intro-
ductory nature and clarity of the original text; we retain the philosophy
of presenting a self-contained and overtly didactic text which can be read
by a competent student without instruction or outside references. In
particular, we hope the addition of exercises will further this aim.

. The specific major changes we have made in response to the develop-
ments discussed above are as follows. Chapter 6 includes a discussion

xi




xii Preface to the Second Edition

of the time delay of radar signals in a Schwarzschild field and the Kruskal
coordinates which deseribe well the Schwarzschild geometry including the
Schwarzschild sphere and its interior. Chapter 7 presents a simple deri-
vation of the Kerr metric and a discussion of some of its properties such
as the so-called spinning black-hole surface and the behavior of objects
in close-in trajectories. Chapter 14 discusses stellar structure as related
to relativity; very idealized systems such as a static incompressible fluid
sphere and a pressureless gas sphere are studied in preference to more
realistic stellar models which require much more technical astrophysics.
In Chapter 11 the scalar-tensor theory of gravity is constructed as an
application of variational techniques, and is discussed. Chapters 12 and
13 contain newer material on observations in cosmology, such as the
background electromagnetic radiation, and an expanded discussion of the
geometric interpretation of the Robertson Walker metric. Other addi-
tions are the algebraic classification of the Riemann tensor and a clarified
discussion of the polarization of gravitational waves, their action on test
bodies, and the problem of detection.

The exercises which have been added at the end of each chapter are
intended to give students practice with the mathematical machinery and
an opportunity to test their understanding of the physics. They are
intended to be workable with the aid of the text alone.

The problems are to be sharply distinguished from exercises. They
are intended to send students to outside references, or to provide food
for thought; in general many or all will require considerable understanding
and effort. We hope that these problems will provide an opportunity for
students to make the transition from a classroom atmosphere to a research
atmosphere by providing an acquaintance with recent literature.

We would like to thank the many people who have contributed to this
second edition through thoughtful criticisms and suggestions. In par-
ticular one of us (R. J. A.) would like to acknowledge helpful discussions
and correspondence with L. Caroff, D. Black, P. C. Peters, J. A. Wheeler,
R. H. Dicke, J. M. Cohen, and C. Sheffield. ‘

Ronald Adler
Maurice Bazin
Menahem Schiffer

Preface
to the
First Edition

The content of this book is based upon a lecture course given at Stanford
University by the senior author and elaborated by his co-authors. Since
there are numerous works available which deal with the general theory of
relativity, some of them masterful and even classical, it seems necessary
to explain the specific intention of the present book. In writing this text,
our prineipal aim has been to show the close interaction of mathematical
and physical ideas and to give the reader a feeling for the necessity and
beauty of the laws of general relativity. We hope that our work will
attract mathematicians to a fruitful and promising field of research which
provides motivation and applications for many ideas and methods of
modern analysis and differential geometry. At the same time we hope
to provide the physicist with a simple and attractive introduction into
powerful mathematical methods which may help him in various fields of
theoretical research.

Since our main purpose in writing this book is frankly didactic, we have
made a great effort to be clear and easily understood. We have tried to
explain and motivate each ‘“‘ansatz’’ even at the risk of being overly
verbose and have carried out most calculations and transformations in
great detail. We have preferred a lucid discussion of interesting special
cases to a general and abstract formulation and have refrained from
introducing mathematical concepts which may be very important in
n-dimensional spaces with complex topology, but which do not have
immediate applications to the physical theory considered.

Our restriction to the more elementary mathematical methods has also
been motivated by the following consideration. The more elaborate the
mathematical tools are, the more the future development of a physical
theory is predetermined and prejudged. It seems that the theory of
gravitation and of general relativity is still far from completion and may
progress- along lines yet unforeseen. It is therefore necessary that the

xiii




xiv Preface to the First Edition

basic mathematical ideas and concepts be discussed ¢n statu nascendz, so
that adjustments and alterations can be more easily understood and
accepted if they should become necessary.

On the other hand, we wished to show how mathematical reasoning and
formal simplicity lead often to selection of physical laws. To illustrate
the great influence of mathematical argument in forming scientific
theories, we have discussed some physical models of whose actual signi-
ficance we are not quite sure, but which form an excellent proving ground
for novices in these pioneering fields of theoretical physics.

We have felt that there is a great difference between the theory of
special and general relativity, in concepts and in methods. In modern
introductory physics courses and in lectures on electromagnetic theory the
ideas and formulas of special relativity theory are well covered. Special
relativity theory appears as the invariance theory of the Maxwell equa-
tions under the Lorentz group of transformations. It is now a classical
and undisputed part of theoretical physics. On the other hand, general
relativity theory is far from complete, is not assimilated into the main-
stream of modern physical theory, and presupposes methods of differen-
tial geometry and partial differential equations which are quite specific.
Hence we have decided to presuppose in this book the knowledge of the
theory of special relativity theory to the extent which is usual for a
present-day undergraduate student in physics. We concentrate on the
actual theory of general relativity and its characteristic methods. We
hope thus to have actually simplified and facilitated the approach to this
theory. )

We extend our thanks to Professor L. Schiff of Stanford University for
encouragement toward the publication of this book. We also wish to
thank Dr. R. W. Fuller, Columbia University, and Mr. G. Patsakos,
Stanford University, for helpful remarks and editorial help, and Mrs.
Charlotte Austin, who has given outstanding technical assistance through
all stages of the manuseript.

Roﬂald Adler
Maurice Bazin
Menahem Schiffer
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Introduction

1 Physics and Geometry

The theory of general relativity which we shall deseribe in this book
represents a fusion of mechanics and the theory of gravitation, on the one
hand, and of geometry, on the other. The combination obtained will
result in great formal beauty and mathematical elegance. It may there-
fore be hoped that the rest of physical theory will ultimately be included
in the theoretical edifice which we shall develop. We shall also give
some indications of how electromagnetic theory can be incorporated into
the framework of general relativity theory.

The history of physics records many attempts to explain physical
phenomena by geometric arguments, and the problem of space has
entered the foundations of Newtonian mechanics from the beginning.
We remember that the law of inertia states that a material point which is
not affected by any force must move on a straight line with constant
speed; that is, it must perform a uniform motion. This law-is basic for
discovering forces in nature. Every time that a nonuniférm motion
occurs in nature we are sure that forces are involved. The fact that the
planets move around the sun in ellipses, for example, indicates that gravi-
tational forces are acting. In order to apply the criteria thus provided,
we have to define precisely the nature of a straight line, which is by no
means an easy thing to do and leads to problems in the foundations of
geometry. But worse than that, it is evident that a uniform motion
relative to one observer will not be uniform for a second observer who is
himself in nonuniform motion with respect to the first. Which one of
the two observers has the right to claim that the law of inertia is valid in
his frame of reference?

We may say in retrospect that the heliocentric theory of Copernicus
leads to a reference system in which Newtonian mechanies is valid. This
fact, more than the simplifications obtained for planetary theory, is the
significant point in the Copernican system. It allowed the development
of analytical mechanics as a beautiful and successful branch of theoretical
physics and applied mathematics. Most of the scientists who developed
celestial mechanics concentrated on its mathematical aspects and neg-
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2 Introduction to General Relativity

lected the more philosophical question of the proper reference system.
But already in Newton’s time, his contemporary Leibnitz raised the
question of the relativity of space and of the implications of the postulates
of mechanics. For this celebrated philosopher space was nothing more
than the set of possible positions of simultaneously existing bodies.
Then, according to Leibnitz, space as a set of position markers could not
have a physical meaning of its own, and a proper theory of mechanics
should be independent of the motion of the observer relative to the
purely fictitious coordinate system used to identify material points.
Leibnitz pointed out that Newtonian mechanics endowed space with
physical significance and that it introduced a distinguished coordinate
system in which it is valid. Thus absolute space was postulated by the
new theory of mechanics, and Leibnitz protested against such a concept
on philosophical grounds.

Newton accepted the concept of absolute space and showed quite
forcefully that physics looks quite different indeed from different reference
systems. His famous pail experiment is a classic in its simplicity and
convincing power. He filled a pail with water and suspended it from a
twisted rope. In unwinding itself the rope set the pail in rotary motion,
and the rotation of the pail continued for a while until it came to rest.
The water in the pail was at rest in the first stage of the rotation of the
pail and had a level surface. The fact that the pail was moving relative
to it did not affect it. In the second phase of the rotation of the pail,
the friction between the fluid and the wall forced the fluid to participate
in the motion. Water and pail then moved as one body, and, according
to Newton, the surface of the water had the form of a paraboloid of revo-
lution due to centrifugal force on the water. In the third stage, the pail
had already come to rest, but the water was still rotating. In a certain
sense the situation was similar to the first stage: water and pail were in
the same relative motion. But now the surface of the water was para-
bolic. This showed that not the relative motion of water and pail
were decisive for the phenomenon of depression of the water surface,
but the rotation of the body of water relative to absolute space and the
consequent centrifugal force.

The Leibnitz objection was thus overruled by experiment. Space was
not a mathematical scaffolding for identification of possible material
occupants without any physical significance. Space exerted forces and
shaped material continua. As mechanics developed, the forces created
by space became better understood. Centrifugal force and Coriolis
force were given simple mathematical expressions and were found in
_various phenomena of nature. These forces were sometimes called
apparent forces, for one could select a system of reference in which they
disappeared. The forces occurred only because a wrong coordinate
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system was used; they were the penalty for the use of an incorrect
geometry.

Many philosophers of science could not get accustomed to this point
of view. The apparent forces were, after all, quite real. An exploding
flywheel did considerable damage even if the centrifugal force which
destroyed it was only apparent. How could an abstract mental construct
like geometry lead to such realistic effects? Mach (Mach, 1883) returned
to the doubts of Leibnitz regarding absolute space. In his opinion it was
the matter of the universe which determined geometry and the concept of
an admissib'e frame of reference. The pail of Newton had indeed rotated
against the abstract coordinate axis stuck through the center of the earth,
but it was also rotated relative to all matter which fills space. If this
interpretation was right, rotation relative to tremendous masses should
create actual forces just like centrifugal forces. He encouraged an
experiment, which was performed in 1896 by the brothers Friedliander,
to measure forces on a point inside of a heavy flywheel in fast rotary
motion. The experiment was negative, but this could always be attrib-
uted to the insufficiency of the masses used.

There is one criterion which distinguishes apparent forces from actual
forces. Since apparent forces are all of inertial nature and since inertia
is mass-proportional, apparent forces should always be mass-proportional.
If one were to observe a universal effect on all bodies considered which
was precisely proportional to their mass, one should then suspect that
the coordinate system was wrong and that, by a proper choice of coor-
dinates, this universal effect could be transformed away. This is surely
the case for inertial force, centrifugal force, and Coriolis force.

There is another well-known universal force which affects every
material point mass proportionally, namely, the force of gravity. One
is not accustomed to call gravity an apparent force. But it is not difficult
to show that it can indeed be transformed away by proper choice of a
reference system. If we define an apparent force as a force which can
be made to disappear in an appropriate coordinate system, gravitation
must surely be considered as an apparent force. The transformation of
gravitational forces was described by Einstein in a thought experiment
which is now as classical as the Newton pail experiment. It may be
considered, indeed, as a refutation of the Newton experiment in so far as
it changes entirely the concept of absolute space which was derived by
Newton from his experiment.

Einstein’s well-known box experiment involves an observer in a closed
box who feels that he and all apparatus in the box possess a mass-pro-
portional downward acceleration. He cannot look out of the box, and
he wishes to ascertain the reason for this acceleration by measurements
inside. There are at least two possible interpretations: (1) There may




4 Introduction to General Relativity

be/a heavy mass affixed to the bottom of the box producing a very nearly
uniform gravitational field, and the attraction by that mass on all matter
in the box may be the reason for the downward acceleration. (2) The
box may be in accelerated upward motion due to a pull on a rope which is
attached to the roof of the box. The downward acceleration of all mat-
ter is then nothing but the common inertia of all matter. A short
consideration of this alternative will show that there is no known effect
in mechanics which would allow one to distinguish between these two
alternatives. The force of gravitation acting in alternative 1 may be
simulated by the apparent force which accounts for the same effects in
alternative 2. Hence gravitation can be transformed away, at least
locally, like an inertial force and must be considered as an apparent force
in the sense of our definition.

An objection might be made to Einstein’s reasoning. Why should we
restrict ourselves to purely mechanical measurements? ILet us send a
ray of light horizontally from one wall of the box to the opposite. If
the box is accelerated upward, it is easy to calculate that the ray should
describe a parabola and hit the opposite wall at a lower point than the
point of emission. In the case of gravitation, such an effect was not
foreseen by classical physics. Thus either the distinction between
apparent forces and gravitation is possible by optical means, or gravita-
tion must affect rays of light in such a way that the end result would be
the same as in the case of accelerated motion. Einstein was so convinced
of the wvalidity of his thought experiment and the equivalence of the
gravitational and inertial explanation that he made the daring prediction
that light would be deflected in a gravitational field. It is well known
that Eddington verified this hypothesis in 1919.

We see that the belief in the possibility of alternative interpretations of
gravitation as an actual or inertial force leads to predictions on the
behavior of nonmechanical phenomena. The axiom of indistinguisha-
bility between gravity and inertia is called the principle of equivalence.
It allows many qualitative and quantitative predictions. As a matter of
fact, most experimental verifications of general relativity theory which
have been given up to now can be derived from skillful applications of
the equivalence principle alone, without need for the more intricate and
detailed formalism of the whole theory. It is also clear that many
electrodynamic consequences are implicit in the equivalence principle.
For example, we know much about the radiative behavior of charged
accelerated conductors; the equivalence principle predicts completely
analogous behavior in a gravitational field.

The equivalence principle contains a remarkable fact of physics which
had not been stressed too much until the time of Einstein because it was
observed at the beginning of the new mechanics and incorporated in its
foundations. This fact is the equivalence of inertial mass and gravita-
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tional mass, which was established experimentally by Eotvés and more
recently by Dicke. Inertial mass is a factor of proportionality which
determines the acceleration of the body in question under a given external
force, whatever its nature. Gravitational mass is the measure of attrac-
tion which the body exerts on a fixed test body because of the law of
universal gravitation. That these two numbers which occur in so dif-
ferent phenomena should be identical is a surprising and unexplained
fact. The equivalence principle itself does not “‘explain” this identity,
but gives it a new and important significance.

The fundamental question now arises: Is the equivalence of the inertial
and gravitational interpretation of the box experiment a formal aceident,
or is gravitation indeed an apparent force like centrifugal and Coriolis
forces? Since it is against the spirit of the scientific method to believe
easily in accidents, the choice lying at the basis of the theory of general
relativity is to treat gravitation on the same footing as the classical
inertial forces, the so-called apparent forces. Since these latter forces
were best understood by geometric considerations, it was natural to sus-
pect that gravitation had a closer connection with geometry than had
been realized before.

Let us then analyze the axioms of classical mechanics from the point of
view of a geometric interpretation. A material point which is unaffected
by exterior forces moves along a straight line with constant speed  This
statement is valid relative to a distinguished set of reference frames which
seem to have been fixed by the distribution of matter in. the entire
universe. So much we can accept of Mach’s interpretation of inertial
motion. Thus all fixed stars and galaxies of the universe determine a
Euclidean geometry such that a free material point, i.e., one that is far
from mass concentrations, moves along a shortest line, i.e., a geodesic
or straight line. Geometry becomes a physical reality. It determines
a guidance field for free mass points. The role of geodesics in analyti-
cal mechanics is well known and important. If we attach a material
point to a two-dimensional surface and let it move freely on this surface
without any other forces but the constraints which keep it to the surface,
it will move on a geodesic of the surface. Thus, in this case, when the
experimenter has prescribed the “guidance field,” i.e., the surface for the
particle, the geodesic motion appears again.

After these analogies it is clear how we might geometrize the theory of
gravitation. A heavy attracting body, say, the sun, modifies the geome-
try around it in such a way that the geodesics in this geometry are the
curved trajectories of the attracted particles. If we succeed in finding
the law by which the matter affects geometry, the actual calculation of
motion will then be reduced to the well-studied mathematical problem of
determining the geodesics of a given geometry.

The calculation of geodesics is a central problem of the calculus of
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variations. On the other hand, variational principles have playved
an important role in analytical mechanics. Why has Einstein’s idea
of geometrizing the gravitational field of force not been conceived before?
To answer this question let us look at the most geometrical of all varia-
tional principles of mechanics, namely, the principle of Maupertuis.
In its simplest form it states the following: Let a particle move in a field
of force with the potential V(x,y,z). If it travels from a point P; to a
point P, with the varying velocity v, its trajectory is that actual curve

P2
which yields a stationary value for the action integral / p, U ds among all

possible paths connecting P; and P, which can be run through with the
same constant energy E = 14mp? + V of the particle. We may express
this principle in the obvious variational formula

6L?<%(E—-V0%ds=0

In the case of V = 0, we obtain the rectilinear motion asserted by the
law of inertia. In the case of a nonvanishing potential V(z,y,2), we can
introduce a metric based on the line element

diz = 2

m

[E — V(2,y,2))(dat + dai + daf)
and formulate the trajectory condition as

P,
5[, dl=0

In the new differential geometry with this line element dl, the trajectory
would indeed be a geodesic. But observe that, for different particles in
the same field and with different energies F, the geometry would have
to be a different one, which is impossible. This fact precluded a geome-
trization of dynamics.

We can see the same difficulty from the following consideration.
Suppose that the gravitational field of the sun creates a non-Euclidean
geometry and that the planets have to move along the geodesics of this
geometry. It is well known that, if we prescribe a point in space and
a direction through this point, there exists exactly one geodesic passing
through the point with the prescribed direction. On the other hand, two
particles in a gravitational field fired from the same point in the same
direction will move along the same trajectory only if their initial velocities
are equal. Thus only one projectile could at most follow the correspond-
ing geodesic. Indeed, geometry deals with the space variables and direc-
tions, but velocity is a concept involving time, and it is the initial velocity
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which enters into the determination of a trajectory. In the theory of
special relativity Einstein had shown that space and time variables are
inextricably connected and transform among each other under Lorentz
transformations. A reduction of gravitational theory to geodesic motion
in an appropriate geometry could be carried out only in the four-dimen-
sional space-time continuum of relativity theory. That this is indeed
possible is the main thesis of this book. That a reduction of the theory
of gravitation to geometry was hardly possible before the special theory
of relativity should be clear from the preceding considerations.

In order to achieve a geometrization of gravitation we shall have to
look very closely at differential geometry and the theory of geodesics.
We shall have to describe at first the conventional differential geometry
as developed by Gauss and Riemann for the case of ordinary space. The
mathematical formalism developed will lead to a natural extension of all
concepts to the case of differential geometry in a space-time continuum
as needed for the physical theory.

2 The Choice of Riemannian Geometry

The modern theory of Riemannian geometry developed from the elemen-
tary differential geometry of surfaces in Euclidean space by the usual
mathematical process of abstraction. A surface in ordinary Euclidean
space can be described by means of a Cartesian coordinate system in
which points are characterized by their coordinates P = (1,2s,25) as the
locus of all points P whose coordinates satisfy an analytic relation

(1) fley,z0x3) =0

Under simple assumptions on the function f, we can express the relation
(1) also in the explicit form

(2) xr3 = ¢($1,x2)

which displays clearly the two-dimensional character of the surface.
Indeed, the coordinates zi, x2 may be varied freely and the xz; coordinate
of the point P on the surface which has the projection into the plane
23 = 0 with coordinates z1, x; can be caleulated from (2).

In order to avoid the asymmetry in the three coordinates which is
displayed in (2) and to remove the restriction on f which would allow
the representation (2), Gauss based his theory of surfaces on a more
general parametric representation than that in (2). We introduce twe
parameters u;, u,, which can vary freely in a domain A of the (u;,us)
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plane. We choose three functions ¢;(u1,us), which are defined in A and
are there as often differentiable as the theory we have in mind will require.
By the definition

(3) i = @i(urus) =123

we create a two-dimensional subset of points in the three-dimensional
Euclidean space with the Cartesian coordinates z;. This is the surface
representation in Gaussian parameters. We may conceive of the u; as
coordinates of the points of the surface. We can choose for the same
surface such systems of Gaussian surface coordinates in a great many
ways. Indeed, if we introduce the new set of coordinates v; by the inverti-
ble relations

4) u; = Ui(vy,vs) vs = Vi(ui,us)

we may use the v; as surface coordinates just as well as the u;. The prob-
lem of the differential geometer is to express those laws which have an
intrinsic geometric meaning in a form which is independent of the
accidental choice of the surface coordinates.

As an example of such an approach, let us consider a curve on the
surface described in parameter form w:(r). The length of such a curve
between the points belonging to the parameters 7 =0 and = =1 is
given by

_ 1 _ 1 dxi\? drs\? dxs 2]
® L= [ ds= [, [('d) +(7;) + (?z:)J dr
-
(1 X du; dui\"*
,..fo (Z gik‘d‘;E_‘) dr
k=1
where the g, are found by simple calculation to be

3 3
dx, dx, _ d¢, dey

(6) Gir = 0w dw Lu Qs dus

v= v=

In differential form we may say that the infinitesimal distance of two
surface points with coordinate differences du; is given by

2
(7) ds = ( I; gir d’m duk)%

Here the g; matrix is a function of the surface coordinates u;. If we
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change from the surface coordinates u; to a new set, say, 4, the relation
(7) will transform into

2
(7,) ds = ( E ik A dﬁk)”

k=1

The §a can be easily computed in terms of the g; and the transformation
formulas. The formal structure of (7) and (7) is obviously the same.
Gauss showed that, from the knowledge of the so-called metric terms
ga(u1,us), many important geometric properties of the surface could be
derived.

The situation just described served as the starting point for Riemann’s
ideas, which he expounded in 1854 in his habilitation lecture, “On the
Hypotheses Which Lie at the Foundation of Geometry” (Riemann,
1892). He pointed out that the restriction of Gauss to the case of two
surface coordinates ui, u; was not necessary and only motivated by the
fact that Gauss had considered two-dimensional surfaces in a three-
dimensional space. Riemann proposed to study the geometry of spaces
where points are characterized by n coordinates w.(i =1, 2, . . ., n)
and where the infinitesimal distance between two points with coordinate
differences du; would be given by the formula

®) ds* = % ga du; dus
k=1
Here the ga(ui, . . . , u.) should be arbitrarily prescribed functions of

the coordinates w;. However, once being given and thus determining a
geometry of the space, they should transform under a transformation
u; <> v; of coordinates in such a way as to make ds? independent of the
choice of coordinates used. Riemann showed that the Gaussian dif-
ferential geometry could be extended in unchanged form and that con-
cepts like curvature could be carried over into'such general geometries.
He also pointed out that the classical Euclidean geometry was a special
case of the general theory, namely, that in which

3
(9) ds? = ) du?
i=1
and that the special non-Euclidean geometry, then just recently dis-
covered by Bolyai and Lobachevsky, entered into his larger framework.
Once we have recognized the logical possibility of replacing the Pythag-
orean formula (9) by the much more general formula (8) and of develop-
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ing a consistent differential geometry in such spaces, we are led neces-
sarily to the question: Why is the actual space of our experience endowed
with the special metric formula (9)? Riemann conjectured that the
particular choice of geometry in nature depended on the reality which
created or determined space; that is, the distribution of matter and the
forces acting through space should determine geometry. He ended his
thesis with the statement that, at this stage, we are crossing from the
field of geometry into the field of physics.

The problems raised by these deep considerations of Riemann were
squarely faced by Einstein in his development of the general theory of
relativity and given a solution which is logically and aesthetically satis-
factory. But from the above it seems justified to consider Riemann as
one of the most important precursors of modern relativity.

After Riemann had shown that the metric (9) of Euclidean geometry
is a very special one and may be replaced by the more general equation
(8), the question arose whether even this general form could not be
further generalized. Indeed, the quadratic form on the right-hand side
of (8) arose only from the fact that a two-dimensional surface had been
imbedded in a three-dimensional space in which a quadratic metric form
(9) was assumed to be valid. This argument does not hold in general
spaces. Indeed, modern differential geometry deals with so-called
Finsler spaces, in which at every point z; of the space, the length and the
differential increments are related by

(10) ds = F(xsd:)

Here F is an arbitrary function of the point considered and of the dif-
ferentials dx;. It is subjected only to the natural demand of being homo-
geneous in the first degree in the dx; for positive factors; i.e.,

(11) F(x,, X\ dx,) = )\F(@i,dibi) A>0

A large body of geometric theory, in particular the theory of geodesic
lines, can be extended without modification to this still more general
type of metric geometry.

Why is the Finsler geometry not realized in nature? In 1868, Helm-
holtz published a paper entitled “On the Facts Which lie at the Founda-
tions of Geometry” (Helmholtz, 1868). As the title indicates, it was
motivated by Riemann’s geometric analysis of the problem of space and
was intended to complete the logical treatment by an empirical physical
approach. Helmholtz pointed out that we can do certain things in
real space which rule out certain logically possible geometries. For
example, we can take a small rigid body, hold one of its points fixed,
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and rotate the rigid body freely around this fixed point. From this fact
alone most Finsler geometries are ruled out.

While this argument can be given in a space of any number of dimen-
sions, we shall restrict ourselves to the three-dimensional space of physics
for the sake of simplicity. Let O be the point held fixed in the body, and
let P be a different but otherwise arbitrary point, say, at a distance
1from 0. We can first turn the body in such a way that P coincides
with a given point on the unit sphere around 0. Having performed such
a rotation, we can hold O and P fixed and perform a second rotation of
the rigid body around the axis OP with an arbitrary angle. Thus we
have altogether three degrees of freedom in the rotation of a rigid body
around a fixed point 0. Under this three-parameter group of trans-
formations, the mutual distances between any two points of the body are
not changed. In order to abstract this situation, we start with the
empirical fact that a metric function (10) exists in which such three-
parameter groups of distance-preserving transformations are possible, and
ask for the implications with respect to the distance concept and the
ensuing differential geometry.

Suppose that-near the fixed point O a metric formula

(12) ds = F(dz?)

holds, where F is a continuously differentiable function of its argument
vector and is positive-homogeneous of degree 1. Clearly, this provides a
local Finsler metric: we have to determine the character of F(%;), which
has to be a consequence of our geometrical assumptions.

Introduce a local coordinate system z; around the fixed point O and
take O to be the origin of the system. We have, by assumption, the
three-parameter family of transformations

(13) ' & = filax,py)

which depends on the three parameters p,. Since O is a fixed point of
the transformations, we must assume that all f; vanish at O identically
in the p;. Hence we can deduce from (13) the following linear trans-
formation law for infinitesimal vectors dz;:

3
(13" dz; = Z aq(p;) dzi

k=1

where the au(p;) represent the derivatives df;/dz; evaluated at 2, = 0.
We postulated the preservation of distances under the transformations

considered. By this postulate, the linear transformations (13’) must
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satisfy the identity
(14) F(dz:;) = F(dx:)

We can use the homogeneous character of F to rid ourselves of infini-
tesimals. This allows us to assert that the three-parameter group of
linear transformations characterized by the matrices ((aux(p;))) satisfies
the identity

3
(15) F( E aﬁafk) = F(&)
E=1

Assume now that the group of linear transformations has the same
freedom of operation as the group of rotations has in Euclidean geometry.
That is, given an arbitrary plane in the ¢space, there exists still a one-
parameter subgroup of those transformations which carries the plane
into itself. We may assume without loss of generality that the plane
selected has the equation & = 0. Since the transformations of our group
have the form

3

(16) £ = E i (p1,p2,P3) &k
k=1

we have to demand

(16") asi(pyp2,ps) =0 asa(pyps,ps) =0

- which will allow us to determine p2 and p; as functions of the remaining
free parameter p = pi.

We shall also demand that the distance function F(&) be positive-
definite, which is a natural requirement in view of our physical distance
concept and of definition (12). From this fact, the identity (15), and
the above described nature of the transformation group, we can draw
far-reaching conclusions about the function F(£).

Having selected the plane £; = 0, we consider the one-parameter sub-
group of transformations (16) with the conditions (16’). This subgroup
transforms each vector (£1,£:,0) into a vector (£1,£,,0); it induces in the
plane £ = 0 a one-parameter group of linear transformations

2

) & = 2 ain(p) & t=1,2

F=1
Now let

(18) F(£1,£,0) = ®(§1,£2)
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Then (15) implies clearly

(19) (&) = d(&)

for all transformations (17). We can assume without loss of generality
that p = 0 corresponds to the identity transformation and that the

matrices depend differentiably upon the parameter p. Thus we may
write (17) in the form of an expansion:

2
17) E(p) = &+ p ), caki + 0(p?
k=1

where ((ci)) is the derivative matrix of ((ax)) at p = 0. We differentiate
(19) with respect to p and put p = 0 to find the identity

(20) z 65,( 2 C;kEk) =0

which is valid for arbitrary &. This is a partial differential equation for
the function ®, which, in turn, is the restriction of our metric function
F to the plane & = 0.

The implications of (20) are best discussed by studying its character-
istic curves &(t), where ¢ is the curve parameter. Define £(t) by the
differential-equation system

2
dt; .
(21) ”(% = kzl Cirr 1=1,2

The curve £(t) can be easily calculated from this system of two ordinary
differential equations of first order since the coeflicients are constant.
From (20) it immediately follows that

(22) L a(s(1)) = 0

i.e., the curves obtained will be the level curves
(22) ®(&;) = const

of the sought function &. We can make a qualitative statement at once
about the integral curves of (21). Define

(23) m = min & M = max ®
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on the circle & + £ = 1. Because of the homogeneity of & we can
assert that

(23") mr < ® < Mr for &2+ & =12

Thus the curve ® = a must lie between the circles a/M and a/m, and is
thereby bounded away from both zero and infinity. . .

It is well known and easily seen that the general solution of (21) is of
the form

(24:) & = At -+ Bert
where A and u are the roots of the secular equation
(24’) det ”C,;k - )\5,1;” =0

An integral curve which is bounded away from zero and inﬁnity is possible
only if A and p are pure imaginary. Hence we can bring (24) into the real
form

(25) £ = a;cos X + b;sin N

It follows easily that the integral curve must be an ellipse. Instefa,d of the
parametric form (25), we can more conveniently write the equation of an
ellipse as

2
(26) 2 gakikr = 1

k=1

where the g are constant coefficients in the equation of the ellipse.

Let it be observed that the condition of the bounded integral curves
poses also a very strong restriction in the coefficients cix. Indeed, only
in very few cases does Eq. (24") possess two conjugate imaginary roots.
This leads to an important characterization of the group of linear traqs—
formations ((ax(p;))). We do not need at this point to enter into a 'dIS-
cussion of the consequences, since we are interested only in the functions
F and &.

We have shown that the locus ® = const is always an ellipse in the
plane £ = 0 with center at 0. Since the ray in the £; direction can be
replaced by an arbitrary ray, we have proved: The surface F(&) = const
is intersected by any plane through O in an ellipse. o

It is now easy to conclude that F(£) = const must be an ellipsoid
in the three-dimensional space. Indeed, let P be a point of the surface S
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which has the maximum distance from 0. We may again assume that P
lies on the &; axis. Consider all planes which contain the z; axis; they
will intersect S in an ellipse which obviously must have the segment OP
of the &; axis as major axis. Their minor axes will lie in the plane ¢ = 0,
which is perpendicular to their common major axis. As the plane rotates
around the £; axis, the minor axes will fill an ellipse in the plane £ = 0.
Obviously, then, S is the ellipsoid whose three principal axes are the axis
OP and the two principal axes of the ellipse in the plane & = O.
We know now that F(&) takes constant values on the ellipsoids

3

27 E gikiEr = const

k=1

Since F and the quadratic form (27) have the same surfaces of constant
value, and since F is positive-homogeneous of degree 1, it is clear from
elementary considerations that we must have F? proportional to the
quadratic form (27). By appropriate adjustment of the coefficients g
we thus have the result

(28) ds? = Zgg, dz' dz*

which indicates that the geometry is indeed Riemannian.

The preceding consideration is an example of how very decisive state-
ments about the possible geometry can be inferred from very few facts of
experience. It may be debated to what extent the existence of rigid and
freely rotating bodies is guaranteed by actual experience. However, if
we add to the preceding argument the principle of the simplest formal
description, the choice of a Riemannian geometry in the physical world
becomes quite natural.

Our point of view, then, is the following: We cover the space with a
coordinate net (z1,22,23) which serves to distinguish different points and
acts as a set of point markers. The physico-geometric meaning rests
not in these markers, which may be chosen very arbitrarily, but in the
distance function, which is defined differentially by an equation of the
form (28). The coefficient matrix gs will depend on the coordinate sys-
tem in such a way as to give ds? a meaning independent of the markers
used. We shall have to establish the transformation law for the ga
under change of coordinates in such a way as to make ds? invariant. But
beyond this covariance law of the gy will lie quantities which have ulti-
mately to be determined Ly the physics of the world, in particular by the
distribution of matter.

An additional complication will arise from the fact that we shall not
be able to keep space and time coordinates separated in establishing
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a physically significant ds®. However, our experience in a three-dimen-
sional spatial cross section of our four-dimensional space-time world
demands, by the above Helmholtz argument, that ds? be quadratic in the
space differentials if the time-coordinate differential d¢ equals zero. We
expect, therefore, that ds® will be quadratic in all space-time differentials
even for an arbitrary displacement in the four-dimensional world. The
only new feature of the extended space-time geometry will be the fact that
ds? need not be positive-definite, as can indeed be inferred from the case
of special relativity theory.

In order to make these general and rather abstract considerations more
specific, we shall have to develop an elegant notation and proper mathe-
matical tools, which are provided by the theory of tensor analysis. The
basic problem of tensor analysis is the determination of those constructs
and concepts which are independent of the accidental choice of the
coordinate system employed. We shall deal in the next few chapters
with mathematical results and methods to prepare the fusion of geometry
and physics which will be carried out in the following part of the book.
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CHAPTER

1

Tensor Algebra

In this book we shall be considering a four-dimensional space in which
coordinate systems are defined in such a way that we can go from one
system to another through continuous one-to-one transformations:

B = Flata @)

Y — -0 =1 =2 =
b = h*(E%3,%2,%%)

(1.1)

\jvhere 7 runs from 0 to 3 and for which the first derivatives 84//dx2% (¢ and
j vary from 0 to 3) are supposed to be continuous. This imb"lies in par-
tlcll.lfa',r that the Jacobian of the transformation is a continuous function of
position in space; moreover, the reversibility property implies that it is
never zero. We therefore consider the equivalence class of coordinate
systems defined through the transformation relations (1.1).

The coordinate system «* will, in general, be defined only in a part =
of the space considered, and the system z* will be a marker system only in
a par_t 2 of the space which may be different from Z. We assume that =
and £ have a common part 2, in which the transformation relations (1.1)
hold. Each coordinate neighborhood = may be conceived of as a 10<.3al
map or coordinatization of the space and the transformation law (1.1) as
the' law of correspondence between two different maps of overlai)ping
regions. It is assumed that the entire space can be covered and described
by such a set of overlapping coordinate neighborhoods. The neighbor-
hood set forms an atlas of the entire space, and the transformations (1.1)
allow us to proceed from sheet to sheet of the atlas. A space Whi.ch
alloxys such.a covering by maps and admits a Riemannian metric is calied
a Rlen}anman manifold. (For a discussion of the physical construct'l
of a Riemannian manifold in astronomy see See. 12.1.) o

17
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We shall deal throughout with a Riemann space with a metric

(1.2) ds? = E g dxt dak
i

We assume that the matrix of coefficients gy is symmetric (ga = gr:) and
has the signature (+1,—1,—1,—1). By definition such a metric will be
called a hyperbolic metric. (These numbers denote the signs of the
eigenvalues of the symmetric matrix gu; see also Sec. 5.6.)

Many theorems in this chapter will be proved for n-dimensional spaces,
but we shall always try to keep in contact with physics through the con-
_ ceptsof general relativity for which one uses only a four-dimensional space.

1.1 Definition of Scalars, Contravariant Vectors, and
Covariant Vectors

To comply with the postulates of the theory of general relativity which
requires that physical laws be invariant under any change of coordinate
system as defined previously, we shall look for mathematical entities
which possess certain invariance properties under an arbitrary change of
coordinates. Particular invariance properties will be iltustrated with
the simplest quantities which are defined so far over the space by the
given coordinate systems and the given metric.

Scalar quantities. A scalar quantity, or in short a scalar, is a
quantity which can be “measured with a scale.” It is a number and does
not depend on the choice of a frame of reference.

A scalar field is a point function in the space considered. It may be
numerically assigned, as, for example, the temperature distribution in
space-time, or may be expressed as an analytic expression of coordinate-
dependent quantities, with the property of remaining invariant under a
change of coordinates. A local scalar may depend on the local values of
such a scalar field.

The square of the line element ds of the space is such an invariant
quantity under any change of coordinates since we assume that it has a
physical meaning as a space-time distance between two infinitely close
world events. Thus ds* = E ga d’ dz* has to keep the same numerical

k

value under an arbitrary change of coordinates: it is a scalar. The
quantities dzt and gq in turn will have to transform under a change of
coordinates in such a way as to leave ds® invariant.

Contravariant vectors. Consider an infinitesimal displacement in
space from a point 4 labeled by the markers (z7) to a point B labeled by
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(:{:* + dxf) in a given coordinate system. Let us see what the coordinate
dlffgrenmals d.xi which represent the infinitesimal displacement in the
orlgu}al coordinate system (z) become in another coordinate system (&)
By differentiation of Eqs. (1.1) we obtain immediately .

3
; oft , .
dzt = z -
Ly 027 da!
. J=0
which we can write

3 FT
(1.3) dii = z O i

We shall say that any set of four ities & (¢ i
quantities £ (7 = 0, 1, 2 -
form according to (1.3), o 1o 2 3) which brans

forms a contra‘variant vector. By convention, we denote the components
?f a contravariant vector by an index written above the letter represent-
ing the vector.

Let ¢ and »* bg two grbitrary contravariant vectors at a given point .
Then the sum a# + by' (¢ = 0, 1, 2, 3) will also be a contravariant vector

if @ and b are scalars. This follows from the homogeneous linear char-
acter of the transformation laws.

Cow_rariant vectors. Consider a point 3 in space defined by the
coo‘rdmates x? in a particular coordinate system. Consider a function
#(z?) of the point M in space and defined in a neighborhood of M : being
a function of a point, its value does not change whichever coor,dinati
system one uses. It is therefore what we have called a scalar field

‘Consider now how the four quantities 4; = d¢/dz! transform un.der a
change of coordinate system from (z%) to (#). The four corresponding

quantities in the barred coordinate s
. : ystem become, b
differentiation, B the les of

28

3
de_ ) o3
ox* Ly 0% dxf

i=0

which gives

(1.4)

B

I
<t
(o)
g

=
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We now call a covariant vector any set of quantities transforming accord-
ing to (1.4). We denote the components of a covariant vector by an index
written below the letter representing the vector.

Theorem. The product Z A ¢ formed from a covariant vector and a

contravariant vector is a scalar invar_iant. .
From (1.3) and (1.4) the product P = 2 AE is equal to

dxk 4T .

- RS o
EZEaﬂA%ﬂE
1 7 k

By differentiation of the formulas of coordinate transformation (1.1),
written as identities z* = h*[Z(x%)], we have

o _yaiter _yorar
ox7 1 L OF 0x7 Ly OF Oxf
3 1

oz’

where 6" is the familiar Kronecker symbol: 87 = 0 for j = k; 3 =1 for
7=k Thus

dak oz o

4 8% dx? J

(1.5)

and we obtain for P

P =Y oA =) A
ik J
If we write
(1.6) P =Y A
7

this expression is formally identical with the original quantity P = 2 AE,

and therefore P is a scalar. In analogy with ordinary vector .algebré‘L, we
shall call P the inner product (or scalar product) of a covariant with a
contravariant vector.

1.2 Einstein’s Summation Convention

We notice that, in formulas (1.3) and (1.4), the summation is performed
over the index j, which always occurs twice in the formula. One can
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therefore introduce a simplifying convention, which Einstein described in
the following terms to his friend L. Kollros: “I made a great discovery in
mathematics; I suppressed the summation sign every time that the
summation has to be done on an index which appears twice in the general
term” (Kollros, 1956). .

Instead of 4; = E (8x7/0%%) A;, we shall consistently write in the future

- ] . . . .
A; = (327/0%%)A;. The index j over which one sums is called a dummy
indez because the way one labels it is irrelevant; obviously, one can write

- dr’ ox*
A = 55 di = gz A

The justification of the above convention resides in the fact that the
two sides of an equation must be indexed in the same way to represent
quantities of the same character (covariant or contravariant). Therefore
when more indices appear on one side than on the other, some of them
must be dummy indices and be summed over. These will usually appear
in pairs of one upper and one lower index. We shall use Einstein’s con-
vention only in this case. If, exceptionally, indices in the same position
(for instance, both lower) are to be summed over in an expression, we shall
keep the summation sign. (The reader should note that certain authors
extend the use of Einstein’s convention to such a case.)

1.3 Definitions of Tensors

Intrinsic definition. We shall here consider a vector in an n-dimen-

sional space as a set of n indexed numbers which obey a given transforma-
tion law:

oo O . . .
Eo= - fi for contravariant vectors (indices above
!

. 9! o -
= anm for covariant vectors (indices below)

Consider a multilinear form P:

(1.7) P o= (Tin ) (EhEs - - - Ey)adnd - - 1)
where £/, = jith component of an arbitrary contravariant vector labeled
(1), ete. ;
7:” = 7;th component of an arbitrary covariant vector labeled (1),
ete.
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and where T3%. 1% is a set of ne*® elements with a upper and b lower

JiJe
indices which Wlll be called contravariant and covariant, respectively.

We call a product &3 - - - gy + + - 9 of components of
arbitrary vectors an arbitrary multinomial.

By definition we say that the quantities

Ti
form the components of a tensor if, for an arbitrary change of coordinates
under which the vectors ¥ and m transform according to the laws given
above, they transform in such a way that P remains unchanged (is a
scalar). Tu2 . will be called a tensor of rank (a + b) with a contra-
variant indices and b covariant indices.

From now on we shall adopt the following notation: A tensor will be
denoted either by its components, ‘“‘the tensor T or for brevity by a
single letter representing the set of all components which build up the
tensor, “the tensor T.”

Particular cases

1. A tensor of rank zero is a scalar, a number which is invariant under a
change of coordinates. For instance, a function of a point ¢(zf) is a
scalar, as we have seen earlier.

2. A tensor of rank 1 can be either contravariant, T or covariant, 7.
Let us consider, for instance, the case of a contravariant tensor 7% Fol-
lowing our intrinsic definition of a tensor given above, we take an arbitrary
covariant vector n; and form P = Tip;, which must be a scalar. This we
know is true if 7% is a contravariant vector from the theorem in Sec. 1.1.
Therefore a contravariant vector is a tensor of rank 1 with one contra-
variant index. Similarly, a covariant vector is a covariant tensor of
rank 1. We shall see later that the converse of this property is true by
the quotient theorem (Sec. 1.7).

3. Let us consider the g; coefficients which define the metric in a
Riemann space. We have

(1.8) g dei dak = ds? = (invariant length)
Our intrinsic definition would suggest that gi are components of a

covariant tensor of rank 2. However, the intrinsic definition of a tensor
as given in Sec. 1.3 by means of the multilinear form

P = TikEan’&)

states that P must be a scalar quantity when £, and &) are two arbutrary
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vectors. Here da® and dz* are different components of the same contra-
variant vector dx. But the proof that g; is a tensor remains valid in this
case since dx is an arbitrary veetor which one can take as the sum of two
arbitrary vectors dx;) and dx¢;. One has, then,

ds? = ga(dzly + daty)(daty + dty)
= g dzyy dzly + ga daly duty + 2ga dtyy daly
In this expression the two first terms are the scalars ds?, and ds},, and

therefore the third term is a sealar too, which proves that g is a covariant
tensor according to our definition.

General transformation law of a tensor. We wish to derive from
the intrinsic definition the general transformation law of tensors. We
take our definition above and write out the requirement of invariance
under an arbitrary change of coordinates:

o

(ThEy - - By)@Y - - - 7
T“ )(f(l) T (b))(ﬂm vt "75':)

In the left-hand side we express the barred vector components as a fune-
tion of the unbarred ones and identify the coefficients of the arbitrary
multinomials on both sides. We obtain

9z azh\ [ oz 9%
1.9 T“ o e P j__ — ou
(1.9) (axﬁl axﬂb) (aa‘;il aa‘ﬂ'a) =Tg g

We wish to invert this formula to obtain the barred components as a func-
tion of the unbarred ones. By multiplying both sides by

?_‘gil. . axﬂb a:‘i;kl a.’ik“
azh aib J\ gz 7 9ze

AT dzh:
we obtain terms in the left-hand side like axﬁ aa_cl » which we know are

equal to 6. Therefore we obtain, finally,

Pty e azh Ak dahs dxhs
1.10 Thi:: ke = L. g ot 0% o
( ) 3] i dxe Jxa 6@‘1 axlb T ﬂb

One not.ices that this inversion could have been obtained from (1.9) by
exchanging the roles of the barred and unbarred coordinates in our head
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and relabeling the dummy indices; this is in fact a consequence of the
symmetry and self-consistency of our original definition.

Let us write out formula (1.10) for a particular case, since this is the
form we shall use most often:

Az 93f dx* ..
—
R R

T =

The transformation law (1.10) is the general axiomatic definition of a
tensor. It is obvious that this definition and the intrinsic definition from
which we started are equivalent.

1.4 Tensor Algebra

Equality of tensors. Two tensors A and B will be called equal if their
components are equal, i.e., if

af _ poB
Av _Bv

for all values of the indices. .

Important Remark. It is not necessary to specify that the components
of the two tensors have to be equal in all coordinate systems. It is
sufficient to know that both A and B are tensors and that their compo-
nents are equal in one particular coordinate system; their components will
then be equal in any coordinate system. This is obviously true from the
axiomatic definition (1.10) of a tensor.

This remark will be of great help in the next chapters in finding the form
of certain tensor expressions in an arbitrary coordinate system when they
are known in a particular one. Also, to prove an identity between
quantities which are known to be tensors, one can choose a particular
coordinate system in which the identity has a simple form and is therefore
easier to prove. (This will be illustrated by the repeated use of geodesic
coordinate systems in Sec. 3.2.)

Properties. The definition (1.10) is linear and homogeneous in the
tensor components Tg' /. g*. Therefore

1. The sum of two tensors with the same number of covariant and
contravariant indices can be defined as the sum of their components and is
again a tensor. For example,

A‘;ﬂ + B:ﬁ — Czﬁ

2. The product of a tensor by a scalar (multiplication of each com-
ponent by the scalar) is again a tensor.
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Tensor multiplication. We shall avoid here general notations and
consider a particular case. All the reasoning will be applicable in the
general case of tensors of arbitrary rank. If 7% and S* are two given
tensors, consider the quantities

G = TG

B . . ° o
We say that G5™*” is a tensor four times contravariant and once covariant.
To show this, consider the quantities

Gt — o8 G

in another coordinate system (denoted by a bar) and apply the known
transformation law to 7% and S«»:

- s T 97P dx* . A+ OF*
T"B S”“’ = e W Im
v dxt dx? 9z " F axl xm 8

Using the definition of G3**” given above, we obtain

= = 0% 9%P dx* ox+ AxX* ..
TaﬂSI-“' = " 27 77 T (ijlm
Y oxt dx’ T ozl Iz Gy

This shows that

Y ozt dx? dx! 9z 9T F

and GJ™ is therefore a tensor by our axiomatic definition.

The tensor product T5*S*” = G2**" is often called the outer product of the
two tensors T5° and Sw».

Ezxample. Consider three vectors &, 4%, {* and consider the quantities
¢k = gkl which are the components of the tensor product of the three
vectors. By the property shown above, they are components of a tensor
of rank 3.

We shall show in the next section that, conversely, any tensor can be
written as a sum of vector products.

1.6 Decomposition of a Tensor into a Sum of Vector Products
(Tensor Products of Tensors of Rank 1)

Theorem. In an n-dimensional space, any tensor of rank ¢ > 1 ean
be written as the sum of tensor products of vectors with ¢ factors each.

n?!is in general the minimum number of vector products into which a
tensor can be decomposed.
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The first statement in this theorem is of great importance in establish-
ing other theorems in tensor algebra. The second statement, that ne=!is
the minimum number of terms, is of mathematical interest in its own
right, although of lesser importance in further developments of tensor
algebra. To make the statement of the theorem clear, let us take the
example of a four-dimensional space and a contravariant tensor of rank 2:
T (u, » = 0, 1, 2, 3). The theorem states that one can write T%” as a
sum of 4271 = 4 tensor products of vectors:

(1.11) Ter = AY,Bl, + Al,Bly + AlyBly + AlyBiy

where the indices in parentheses label the different vectors.

If we have a tensor with mixed indices, the vectors will have to be either
contravariant or covariant in the straightforward manner indicated below.
Consider, for example, a mixed tensor of rank 3: 77" with n = 4, ¢ = 3.
The theorem states that it can be written as the sum of 4*~! = 16 tensor
products of vectors:

(1.12) Ty = AGBLCwe + A'&)B:z)c(?)a + -+ A?w)B?w)C(xe)v

It is obvious a priori that one can achieve such a decomposition with n?
vector products since this represents the number of independent com-
ponents of a tensor of rank ¢ in an n-dimensional space. The purpose of
the present theuicu is to establish a minimum number of such vector
products.

Proof. It is sufficient to first prove the theorem in a particular
coordinate system. For when the quantities Af,, Bf;, C,, are found in
one coordinate system, we can then consider them as vector components,
and by the law of tensor products (Sec. 1.4) and the addition property, the
right-hand side of (1.12) will transform like a tensor and will therefore
remain equal to the original T%” tensor in all coordinate systems.

The proof will be made by induction on the rank ¢ of the tensor. In
order to simplify the writing of indices, we shall deal with contravariant
indices only and with dimension n equal to 4. The proof remains applica-
ble to any number of covariant and contravariant indices and any
dimension.

We start by proving the theorem for ¢ = 2, which is expressed by
formula (1.11). Let us first consider the terms for which u = 0. For
those terms, (1.11) will be true if we can solve the system

T = A?I)B?D + A?z)B((’m + A?a)B(()a) + A?4)B?4)
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.................

..................

T% = AWBh + - - - -+ - - -+ ALBY,

Consider the four coefficients A7, A%, A%, and 4% as unknown; then
this is a system of four linear equations with four unknowns. Therefore.
if we choose the four vectors By; arbitrarily [but with no four of them in a
three-plane to avoid a vanishing determinant, say, B = 871, we ean solve
for the Oth components of the vectors A.

If we then consider the other values of u (u = 1, 2, 3), keeping our
choice of the B, vectors the same, we can determine all components of the
A vectors. This proves the theorem for ¢ = 2. To complete the proof
for an arbitrary rank, we need only show that if we admit the theorem as
true for the rank ¢ — 1, it is true for the rank ¢.

Let us consider a tensor of rank ¢ written in a particular coordinate Sys-
tem and let us single out the ¢th index by writing the ¢ — 1 first indices
together inside a bracket: T " *9v,  We now consider the indices in the
bracket as being fixed; let us solve the system of four equations

Ther 00 = 8G90 + - - 4 Sl A0l

......................

(1.13)

.............
............

where the four coefficients S % (; = 1, 2, 3, 4) ave taken as unknown.
Choosing the quantities C7, arbitrarily (forming a nonvanishing deter-
minant), the four unknowns are determined uniquely. Each of the four
quantities like S!% % possesses ¢ — 1 indices and, by assumption in
our inductive reasoning, can be decomposed into a sum of 4(==D—1 = 4a-2
terms consisting of ¢ — 1 vector products each. In order to solve the
system (1.13) to get the rank ¢, we introduced four new vectors C(i).
Therefore the number of terms in the decomposition of a tensor of rank
q becomes 4 X 442 = 4¢-1 which completes the proof of the first part of
the theorem. Note that our method of proof provides also a recursive
construction procedure for the asserted tensor representation.

We now have to show that ns! is in general the minimum possible
number of terms in the decomposition. To prove this, let us show that

we cannot introduce less than four independent vectors at each step of the
inductive reasoning. :
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Consider the system (1.13), which we have to solve, and suppose we try
to introduce only three vectors C: Cy, Cea, C(3; thus we have only three
quantities S: 8& % Slad gled The system (1.13) becomes a
system of four equations with three unknown for each value of the indices
in the bracket. This system is compatible if the determinants (one for

each possible combination of the indices [« - - )

ey 0 0 0
Tla--00 O, Cy %)

Tl as % Ch Ch

are zero. To interpret these conditions, let us consider their geometrical
meaning in four-space. The 441 vectors 7'l *? of components e 810
Tlac--81 Plac--812 Tla 818 must all be in the three-plane, determined by
the three vectors C(y, C(z, C(s, and therefore cannot be independent
vectors, which is in contradiction to the fact that the original tensor is
given with arbitrary components. This proves that the minimum num-
ber of vectors that must be introduced at each step of the inductive
reasoning is four. The above proof is obviously applicable to the very
first step of the induction process, namely, for ¢ = 2, when there is only
one index in the square bracket.

Therefore we have proved that 4! is the minimum number of vector
products into which a tensor of rank ¢ can be decomposed in the way
illustrated by (1.12).

1.6 Contraction of Indices

We have seen earlier how to create from given tensors new tensors of
higher rank by tensor multiplication. In this section we shall show that
one can create from a given tensor new tensors of lower rank through the
contraction operation. Consider a tensor of rank a 4 b, T35, and set
ia = j» = o. Thisgives T%2.. -7 which by Einstein’s convention means
the sum of such terms over all values of a.

Thecrem. 7' ..~ is g tensor of rank @ + b — 2, which one can
fine i
denote ;1 % N
g

Proof. Let us write the transformation law of the tensor T35 % and
~ then make 4, = j, = ¢. This gives

¥
Tix‘iz e 9Th o J e ,a_j;i b . Qb1 [ Qxbo e e
Jijeec jo-a® O Ox®a1 \ Ox% ) ATH 9zde-1 \ OF° Bi- By
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Grouping the two terms within parentheses, we get, by (1.5),

Yhis forces us to write 8, = «, = ¢ in the right-hand side of the above
equation. Thus

Fiviy i Fia-1 §B -
T{nz ta-19 __ 9z 91 gab axﬁb ! LI R PR

L T e Jrar ai-:jl\' T §Fdo1 818z brosd

which shows that T2/ s>} is a tensor of rank
(@a-D+0G-1)=a+b—2

which we can call R}:. 22, This contraction operation, which creates
new tensors out of a given tensor with mixed indices (covariant and
contravariant), -is called in German “rejuvenation” of the tensor
(Verjiingung)!

1.7 The Quotient Theorem

We possess, so far, two criteria to recognize that a certain matrix is a
tensor: the definition of a tensor by its transformation property (1.9) and
the intrinsic definition with which we started our development (Sec. 1.3).
We shall introduce here several tests of the tensor character of a given
matrix; they could each be considered as an intrinsic definition of tensors.

Sp‘ecia._l case.' Let us first treat a special case. Suppose 7’51 % is a
matm?( (given with a certain transformation law to express it in different
coordinate systems) and £ is an arbitrary vector. Suppose also that it is
known that

(1.14) Sy =Tkt

S Jr-l

is a tensor; then the theorem states that 7. % is a tensor.
Proof. Multiply both sides of Eq. (1.14) by p arbitrary covariant

a ., ., . (p) : :
vjectors T4y 72 and (r — 1) arbitrary contravariant vectors
1 IO Pl .
g(l) {r—ll)'
L T ¢ e e L~ SR TN, (L ICEER PP Y ;
S]p--],_x’?u Nip $1 (r—1 T;‘i--«_ffg" Gy o f‘n"!i‘f) tr 772'.1)

The left-hand side is a scalar from the intrinsic definition (Sec. 1.3)
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applied to the tensor S; therefore so is the right-hand side. But T is then
clearly a tensor, as is evident from the intrinsic definition of a tensor, since
ti- itself is arbitrary by hypothesis. This proves the theorem in the
special case.

General case. We now turn to the general case, when the arbitrary
vector £ is replaced by a tensor. Suppose Ti:. % is a given matrix and
A7 is an arbitrary tensor. Suppose also it is known that
(1.15) i = TR AL,
is a tensor; then the theorem states that T%..% is a tensor.

Proof. Consider the arbitrary tensor A as a sum of vector products

e g ..,,13’»). We then multiply botkh )sides of (1.15) .by
arbitrary vectors £, - - - £, and 20 - - - i P, and a reasoning

analogous to the one used for the special case above applies here.

1.8 Lowering and Raising of Indices—Associated Tensors

Lowering of indices. Let us consider a tensor 7%, twice contra-
variant, and form its tensor product with a symmetric second-rank
covariant tensor g,s, contracting the index 8 at the same time. We define
the tensor obtained:

Ty = g7

This is a mixed tensor of rank 2. We call T, a mixed tensor associated
with the tensor T8. The operation of contracted multiplication with gys
has, in a sense, “lowered” the index 8 of the original tensor. The nota-
tion T, preserves the order of the indices in T (a first); without this
convention one mixed component would represent two quantities which
are in general unequal unless 7% = T?#=. That is,

Ti = guT%
and

T1 = gueT??

are in general unequal.  In our notation they are 1'% and 7T':3, respectively.
We can repeat the operation and form the tensor

Tsy = Gas T,

and call it the twice-covariant tensor associated with 77, We therefore
write by definition
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Ta == af
(1.16) v = gul

T‘;y = gouSTa»y = gaag'yﬂTaﬂ

The. extension of this procedure to an arbitrary number of indices is
obvious. In this way we can lower as many contravariant indices of a
tensor of any rank as we wish and create associated mixed and covariant
tensors. Note that the second-rank tensor g which we are using to lower
indices can be chosen arbitrarily. However, once selected, it plays a
central role in tensor calculus since it establishes a relation between contra-
variant and covariant tensors; it is called the fundamental tensor. In a
metric space, such as the four-dimensional space of general relativity, it is
quite natural to take for gy the metric tensor itself, which is thus often
called the fundamental tensor. This particular choice of gi will be seen
to be most convenient in Chap. 3, when we shall consider the covariant
differentiation of tensors.

Raising of indices. We should ask ourselves if a procedure analogous
to the one used above can be found to raise indices. This can be done if
we define a contravariaat tensor that will play the role which the tensor
ga had in lowering indices. For this purpose let us consider in one particu-
lar coordinate system the inverse matrix of the matrix of the gi coefficients.
{ts coefficients are

g = ] A% = cofactor of gz, ¢ = determinant of g matrix

They are completely characterized by the property

(1.17) g*gs = 8
We now define a tensor g* by applying to the matrix g%, known in one
coord%nate system, the transformation law of tensors. Thus, going from a
coordinate system (z) to a coordinate system (Z), we define

g _ 95 0P

0L ik
ozt ozt Y

Since g, is a tensor, our definition of g as a tensor will be compatible with
the original definition (1.17) if this definition itself is invariant under a
change of coordinates. From the property of tensor products, the right-
hand side of (1.17) must therefore be a tensor. Thus we need verify only
that the matrix of Kronecker symbols is a tensor. This is immediately
seen by considering the scalar product of two arbitrary vectors ¢ and =,
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which can be written by definition of &} as
g = (83E)m:

In this equation gin; is a scalar; 8} is a vector by the quotient theorem
since 7; is arbitrary. Since £ is also an arbitrary vector, we can apply
the quotient theorem again to prove that 8} is a tensor.

It should be noted that, from the definition (1.17), the fundamental
tensor with mixed indices is the unit tensor

With the help of the tensor g** we can raise indices in exactly the same
way in which we lowered them with g.; with the tensor T,; we associate
the tensors T,* and T%* defined by

T, = g2Ty

(1.18) -

i

g‘Yﬂ ’Ya = g’Yﬁga&T,ﬁ

Comparing (1.18) and (1.16), we see that the concept of associated tensors
is reciprocal; this is also apparent in the definition (1.17).

We shall think of such tensors associated through contracted multi-
plication with the fundamental tensor or its inverse as being different
mathematical aspects of one given geometrical or physical entity. This
is why we denote associated tensors by the same letter T. To stress the
underlying unity, we shall call the different aspects (contravariant,
covariant, mixed) of a tensor its various representations. We know that,
according to Einstein’s postulate of covariance, all physical equations
must be tensor equations. By repeated contracted multiplication with

the fundamental tensor, one obtains the same equations between the

components of the different representations of the tensor involved, but
the equations represent always the same geometrical or physical
relationship.

1.9 Connection with Vector Calculus in Euclidean Space

In this chapter we have defined the contravariant and covariant com-
ponents of a tensor axiomatically by giving their transformation proper-
ties (1.10) under a change of coordinate system. We shall give here a
geometrical illustration of contravariant and covariant representations of
a vector in the familiar case of a Euclidean space; associated tensors of
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rank 1 will appear as two different ways of defining components of the
same 'geornetrica,l vector. Historically, the notion of contravariant and
covariant representations was naturally introduced by generalizing this
particular case of vectors in a Euclidean space, and not in the axiomatic
way which we chose to follow in this chapter.

Let us, for example, consider a vector v in a two-dimensional Euclidean

vector space. Consider a coordinate system defined by the unit vectors
e; and e;.  Decomposing v along such vectors gives (see Fig. 1.1)

(119(1) v = Ae; + Ae,

At and N are called contravariant components of v. Projecting v
orthogonally on the directions of e; and e., we obtain the two projections
)\1 and )\2!
. Ai=v-e
(1.200) ' '

Ay = V- ey

Here the dot represents the well-known scalar product in Euclidean space.
The vector v is obviously completely defined by the values of these pro-
jections; they are called covariant components of v. Let us now consider
the scalar product defined in this FEuclidean vector space between two
vectors u and v. We shall find out how the scalar product.u - v can be
expressed in terms of covariant and contravariant componeri;cs. These
will then appear as having the properties of what we called before
covariant and contravariant vectors in the Riemann space considered.
We define the two kinds of components of u by

Il

(1.19b) Contravariant (u!,u2) u = ple; + ule,
(1.20b) Covariant (u1,us) p1=U-€;, ps=1u-e;
Let us write out the scalar product u - v:

u-v = (u'e; + p22) - (A\le; + Ney)

Using the associative and distributive properties of the scalar product, we
obtain

u-v =p'Nei-e; + p'\er-e; + ph\lesc e + p\e; - e,

If we designate by g,; the scalar products e;-e; (¢, j = 1, 2) of the base
vectors, we have
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(1.21) u.v = g\

where g;; = g; from the commutative property of the scalay product.
But we could write u « v in another form:

u-v=1u-(Ae;+ A% =Nu-e+ \Nu-e;
By the definition (1.20b) of the covariant components of u, this becomes

u-v = Apg + AN,

or in tensor notation,
(1.22) uev = Ay

Since the vector v can be chosen arbitrarily, formulas (1.21) and (1.22)
imply that

(1.23) M = gi

Formulas (1.21) to (1.23) are reminiscent of the tensor formulas (1.8),
(1.6), (1.16), which we had earlier. Let us prove that they are indeed
tensor formulas, namely, that they keep their form after a change of
coordinate system. This is immediately evident if we think of the
geometrical meaning of Eqs. (1.21) and (1.22) in Euclidean space. First
of all, the scalar product u - v depends only on the two vectors u and v
and is therefore a scalar invariant under a change of coordinates. With
new base vectors &; and &, we define geometrically the contravariant and
covariant components X, g and X;, g of u and v. These correspond to
Ni, pé and A;, ps, respectively. In this new reference frame the scalar prod-
uet u - v still has the form

which shows the tensor character of (1.21). The same geometrical inter-
pretation can be applied to investigate (1.22), and this gives

u-v = Ny = N

In the case of a vector in Euclidean space, formula (1.23) gives the geo-
metrical interpretation of the concept of associated tensors which we
introduced in the previous section: Associated vectors correspond to the
covariant and contravariant components of a given geometrical vector.

By considering an infinitesimal vector u of length ds and contravariant
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components dz?, we can write the metric of the Euclidean space
ds? = g;; da’ dx?
Here we know the geometrical interpretation of the coefficients g;:
gij = €i- €

In differential geometry in a metric space, for instance on a surface on
which

ds? = g dat da?

where dx' and da? are coordinate increments on the surface, we can also
interpret the g;; coefficients locally as scalar products of the unit tangent

vectors along coordinate lines. Such base vectors define locally a
tangent Euclidean space.

1.10 Connection between Bilinear Forms and Tensor Calculus

We shall consider certain properties of bilinear forms under lipear trans-
formations on the variables. This will lead to the notion of contravariant
relationship and thus indicate the origin of the nomenclature “contra-
variant” and ‘‘covariant” for the components of a vector. More
generally, one could study properties of multilinear forms and show their
connection with the contravariant and covariant character of tensor
components in general.

Restricting ourselves to bilinear forms, we consider two sets of variables:

1. A set of » quantities X,
2. A get of r quantities ¥,

One should note that these two sets are simply sets of arbitrary indexed
quantities and that the index position has no relevance here. We there-

fore write all indices in the same place, and do not use Einstein’s conven-
tion, Then

1. To the set X; we apply a linear transformation with a matrix A of
coefficients ay..

2. To the set ¥; we apply a linear transformation with a matrix B of
coefficients by;. ‘
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These transformations give two new sets of quantities:

Xk = 2 X

(1.24)
Vi = E buY;

Consider now the bilinear form
F = 2 XiYQ'
%

Let us find the condition which A and B must satisfy in order that I = F,
that is, such that the form F remains formally invariant under the trans-
formation of variables (1.24). To do this, we put the values given by
(1.24) into

F=YX7

k

which becomes

F= 2 XY, = E (; akibkj) XY,
Y

7k
We shall haxze F = F as desired if

(1.25) ‘ Y awbig = 0
k

Denoting by AT the matrix of coefficients au (the transpose of the matrix A
of coefficients ay), we may write (1.25) in matrix notation as

(1.26) ATB =1 (I is the unit matrix)

or equivalently,

ABT =1
Matrices A and B, which are linked by the relation (1.26), are said to be
contragredient to each other. Each matrix A with a nonvanishing deter-

" minant has a unique contragredient B, and this relation is reciprocal:

B = (A7)
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implies
A = (B T)—l

One glso sees that the contragredient matrix of the contragredient matrix
of A is A itself (the contragredience relationship is an involution):

Original matrix A

Matrix contragredient to A B = (AT)—!

Matrix contragredient to B C=@BN1=C3H = ANT = A
Furthermore, the contragredience relationship is an automorphism; i.e.,
it preserves the law of multiplication with the order of the factors:

If A = (B")?

and D = (E7)~!

then AD = [(BE)T|t
When (1.26) holds, one says that the two transformations in (1.24)
represented by the matrices A and B, respectively, are contragredient to

one anqther and that the two sets of variables X and Y transform con-
tragrediently to one another, or that they are in coniravariant relationship.

Applications. Consider in a Euclidean vector space a vector
v =) e
i

there the e; are base vectors of the space, and apply a linear transforma-
thI} on the vectors ;. The quantities x¢ will have to transform contra-
variant'y to the e; so that v remains the same (e, plays here the role of ¥
and z? of X;). Therefore the contravariant components of a vector, as
defined earlier, transform contragrediently to the base vectors; hence tl;eir
name. ‘

Consider now the covariant components of a vector u in a Euclidean
space.

B = U~ €

If we require that the scalar product

U-v = Zma:i
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If we require that the scalar product

UV = E#wi

1]

be unchanged by a linear transformation on e; which induces a lir‘lear
transformation on 2%, u; must transform contragrediently toz?. But since
21 itself transforms contragrediently to e;, as we have seen above, u; must
have the same matrix of transformation as e;, One says that the u/s
transform cogrediently to the base vectors; hence the ws are called
covariant components.

Exercises

1.1 Show that if 8% = 87 is a symmetric tensor and 4% = — A7 is an
antisymmetrie tensor, then the scalar A%S;; is identically zero.

1.2 Show that an arbitrary second-rank tensor may be written as the
sum of a symmetric tensor and an antisymmetric tensor. Now show
that if one writes the line element ds? with g expressed as such a sum,
the contribution of the antisymmetrie part of g is zero.

1.3 In many areas of physics one deals with linear coordinate transfor-
mations of the form &* = aiz’, where the a} are constant, e.g., the theory
of rotations and special relativity. Show that for this special case the
coordinates themselves transform as contravariant vectors.

1.4 Show that “contraction” over two contravariant or two covariant
indices of a tensor does not give another tensor. For example 2, Taq is
not a tensor.

1.6 Verify that in three dimensions the cosine of the angle 6 between
vectors A and B may be written in manifestly invariant form as

A'B;
vV A'A:B*B;,
Show that this can be used as a generalized definition of an angle in an

arbitrary n-dimensional space only if the metric gi; is a.positive-deﬁnite
matrix. Show that this is equivalent to thesignature’s being (1,1, . . . ,1).

A-B =

1.6 What is g;; for Cartesian coordinates in Euclidean three-dimensional
space? On the two-dimensional surface of a sphere, 2* + y* + 2? = R,
what is the metric in terms of the coordinates z and y? Repeat the
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exercise for cylindrical and spherical coordinates and note the natural
advantage of the spherical coordinates in describing the spherical surface.

1.7 In the preceding problem we obtained the metric for cylindrical
coordinates (p,8,2) in ordinary three-dimensional Euclidean space. On a
two-dimensional surface defined by z = f(p), where p is the radial coordi-
nate, obtain the metric in terms of p and 8. Choose a specific function

to describe a “mountain’ and compare with the “flat” space defined by
2 = const.

1.8 The basis vectors e; discussed in Sec. 1.9 have lower indices. A
vector V is then expressible asin (1.19¢). We could also express the vec-
tor in terms of basis vectors with upper indices, e!. These are defined
to obey e’-e; =gl = 8. Draw the e, and e’ in a diagram for two
dimensions. Show, in the notation of Sec. 1.9, that V = \e’ and
gy = e’- e (see Fig. 1.1).

€2
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CHAPTER

2

Vector Fields in Affine and

Riemann Space

In the first chapter we introduced the concept of a tensor and defined
algebraic operations on tensors. But we dealt almost entirely with
tensors attached to one given point of the space, and all the operations
we defined involved only tensors attached to the same point. We now
wish to introduce the concept of a tensor field in order to be able to define
a way of comparing tensors at different points in space.

Definition. A tensor field consists of the assignment of a tensor to
each point of the space; one considers the components of a tensor to be
functions of the point of attachment which is characterized by coordinates
or markers . We shall assume that the components of the tensor field
are twice-differentiable functions of the coordinates.

Let us begin this investigation with the special case of tensors of rank
1 (vectors). In Euclidean geometry, when using rectilinear coordinate
systems, we know that equality of two vectors at two different points
can be simply identified with equality of the components of the vectors
at these two points regardless of how far apart the two points actually
are; for instance, in classical mechanics we are accustomed to speak of
two forces as being equal although they are applied at different points.
More important, a force-free motion in classical mechanics is character-
ized by the fact that the momentum vector remains constant; more
generally, the force vector is measured by the rate of change of the
momentum vector. We thus speak of a constant vector field if the
vector components are constant all over the space; we shall see that it is
not possible to carry this definition over to Riemann spaces because,
according to such a definition, “equal” vectors would not be equally long.
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In a Riemann space the notion of constancy of a tensor field remains to
be defined.

2.1 Vector Transplantation and Affine Connections

Let us first consider the intuitive attempt to define a constant vector
field in a Riemann space in terms of constancy of components. It will
be evident that such a definition is in general not consistent with equality
of length of the two vectors at the two different points.

Let us ask in what kind of Riemann space this elementary definition
could hold. To answer this question we consider a particular vector field

tO(P) = (dz',0, . ..,0)

with the same constant first component dx! at each point of the space.
At a point P the length of the vector is g1 (P)(dz")?, while at another
point Q it is g11(Q)(dz?)®. These two lengths are not equal unless
g11(P) = g1(Q), which means that gi;; must be constant over the space.
Consider now another vector field

E(i)(P)=(0:O) DI ,dxi,O,.. ?O)

with the same sth component all over the space; the reasoning above
shows that g:;; must be a constant over the space. Then taking £® + £
as our field, we should find that g; must be constant too. Thus the
definition of a constant vector field through constancy of the components
throughout the space requires us to be able to find one coordinate system
in which all gi’s are constant in the large. A space which possesses
this property is called a pseudo-Euclidean space, and the particular coor-
dinate system in which the definition applies is rectilinear. Indeed, by a
linear transformation with constant coefficients we may bring the metric
form into a simple canonical form (e.g., a diagonal matrix with +1 com-
ponents) for all points of the coordinate space. Therefore the definition
of a constant vector field in terms of constancy of components cannot
apply to more general types of spaces.

Tt is not actually necessary to introduce the comparison of lengths (a
metric property) to discard the definition of a constant vector field in
terms of constancy of components. It is readily seen that this definition
is not coordinate-invariant, and therefore is not consistent with tensor
notation. Indeed, let us take a vector field & with constant components
in a given coordinate system (v*). Changing to another arbitrary coordi-
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nate system (Z%), we obtain

ATt
dxk

B =

Ek

Thus £ is not a constant over the space since 97¢/dz* is arbitrary. The
only case in which such a definition is acceptable is that in which we
restrict ourselves to a linear transformation of coordinates such as occurs
in particular for a change of rectilinear coordinates in a pseudo-Euclidean
space.

We shall now investigate further the matter of covariance requirements
on the definition of a constant vector field. We wish to define the con-
stancy of a vector field intrinsically and independently of a coordinate
system; furthermore, the definition must contain the usual FEuclidean
definition of constancy as a particular case. Let us therefore see how
we could modify the elementary definition we have just rejected. With
this aim we shall investigate the behavior under coordinate transforma-
tions of a vector field which has constant components in one particular
coordinate system. Starting with a vector field & of constant com-
ponents in an original coordinate system z?, we showed that ¥ in another
coordinate system does not have constant components over the space.
Let us see how the components & vary when we go from one point to a
neighboring one in space along a curve parametrized with a parameter p;
to do this we differentiate & = (9z¢/92*)&* with respect to p, remembering
that the *’s are constant along the curve by assumption. This gives

g _ _ox dot
dp c"):c’cayc’alp‘E

But if we want an intrinsic characterization of a constant vector field,
we should relate the increments d&’ to the barred components & them-

selves.. This can be done by rewriting the last formula in a straight-
forward way:

dE _(_ow dot dem ot o
dp ~ \awkad dzm dp o7 )

which may be written

d& . dim .
2.1 =T == &
where
(2.2) , - 9% 92t aaF




